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Eulerian Approach for Unsteady Two-Phase Solid
Rocket Flows with Aluminum Particles

Eric Daniel¤

Université de Provence, 13453 Marseille CEDEX 13, France

To increase the speci� c impulse in a solid rocket motor, aluminum particles are embedded in the propellant
formulation; combustion of these particles causes two-phase and reactive � ow features. A model of unsteady com-
pressible � ow is presented, which includes particle-phase effects. The composition of gaseous combustion products
of such a solid propellant involves many species and, to reduce the computational time, a reduced description is
used for the gas phase. The particles are assumed to form a continuum; then, the dispersed phase is treated by an
Eulerian approach.A basicdescription of aluminumcombustionand the current general knowledge are presented.
Aluminum combustion is computed by using Law’s model, which assumes a steady vapor-phase diffusion � ame;
a Dn law giving the vaporized aluminum mass � ow rate is also used. The computationsare performed on a simple
cylindrical port motor. After some computational veri� cations, a parametric study of several important quanti-
ties of the two-phase � ow is carried out. The in� uence of particle injection velocity, initial diameter of aluminum
particles, and effects of oxidizing species are analyzed.

Nomenclature
Cm = loading mass ratio
D = particle diameter, m
E = total energy, J
Ei = ef� ciency of oxidizer species
Fg ¡ p = gas–particle drag force, N/m3

L ¤ = characteristicmotor length
Lvap = heat of phase change, J/kg
l p = mean particle spacing, m
M = mass, kg
N = particle density number, m ¡ 3

P = pressure, Pa
Qq ¡ p = gas–particle heat transfer, W/m3

Q1, Q2 = reaction condensationheat, J
R = gas constant, J ¢ K ¡ 1 ¢ kg ¡ 1

TS = aluminum saturation temperature, K
U = velocity vector, m/s
u, v = components of velocity vector, m/s
Y = mass fraction
a = volume fraction
C = energy transfer, W/m3

q = density, kg/m3

x = species production rate, kg ¢ m ¡ 3¢ s

Subscripts

g, p = gas, dispersed phase
prop = propellant
sat = saturation

Introduction

F OR many years the combustion process of metalized solid pro-
pellants has been studied by experimental, analytical, and nu-

merical means. There is a renewed interest in the combustion of
aluminum particles because this phenomenon is not yet well un-
derstood. Moreover, an understanding of this combustion process
is necessary to predict the various phenomena occurring in a solid
rocket motor (SRM), such as vortex shedding, propellant-burning
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rate response,aluminadeposition,and erosionof thermalprotection
between the segmentedpropellants.Becauseof signi� cant improve-
ment in computationalcapabilities,the use of sophisticatedcombus-
tion models for two- or three-dimensionalinternal � ow modeling is
feasible with appropriate assumptions. Others have considered the
computation of steady-state reactive two-phase � ows.1,2 In those
papers the dispersed phase was treated with a Lagrangian approach
and the particle combustionmodel proposedby Hermsen,3 incorpo-
rating a Dn law, was used for the temporal evolution of the particle
diameter.

A different model is presented here, differing from both the nu-
merical and the combustion models. Also, in follow-up studies, un-
steadycomputationswillbe considered,and this is the reasonwhy an
Eulerian approach is used to describe the dispersed-phasebehavior.
It should be more ef� cient, in CPU time and memory requirements,
than the Lagrangian method. Unsteady calculations are applied to
study the motor instabilitiesas well as vortex-sheddingphenomena.
Such studies have been performed in the case of inert particles.4

The propagation of an acoustic � eld in the two-phase � ow inside a
motor has been performednumericallyand the results are compared
with linear theory.

The model used here is a naturalextensionof the previousone for
inert particles.4 The crucial difference is the addition of the reactive
features of the � ow to the former model. This leads to a large num-
ber of gaseous species in the � ow, as determined by an equilibrium
chemical calculationof typical combustion of a propellant. It is not
realistic to take into account all of the gaseous species and detailed
behavior of particle-phasecombustion processes.A reduced model
for the propellantgas compositionthereforeis chosen to avoid com-
putational time penalties. This requires preliminary calculations to
obtain the chemical equilibrium composition in order to chose only
three major species, each of which is a mixture of several elemental
species. Moreover, the particle combustion process is quite compli-
cated and not entirely understood.As discussed in the next section,
only two kinds of models have been developed and generally are
used for such applications. The � rst is Hermsen’s model3 and the
secondis theanalyticalLaw model.5 In the latter,avapor-phasecom-
bustionis assumed,5 to which some modi� cationshavebeen made.6

In the following section the combustion models and the set of
governing partial differential equations of the � ow are presented.
The numerical scheme is described brie� y. For the numerical study
the major parameters of the � ow and the sensitivity of the results to
them are identi� ed. Numerical parameters (e.g., mesh re� nement,
time step) as well as physical parameters (e.g., heat of reaction,
injection velocity of particles, initial diameter) also are considered.
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Fig. 1 Schematic of aluminum particle combustion process.

Combustion Model
The combustionofmetal particlesarisingfrom thoseembeddedin

a solid propellanthas been studiedexperimentallyand theoretically.
The � rst theoretical foundation was from Glassman7 and was used
as the starting point for analytical models. Because of their ther-
modynamic properties, which lead to a large speci� c impulse, the
aluminumparticlesgenerallyare preferred to other metal particles,8

e.g., Be, Mg. The combustion process of such particles is assumed
to be a vapor-phasediffusion control process. One of the major dif-
� culties of modeling that combustion lies in the productionof oxide
smoke at the � ame. The smoke is formed with submicron particles
of liquid alumina. This is a very different process than the combus-
tion of hydrocarbon droplets in air. In the model generally used, a
fractionof the combustionproductsinwardlydiffuses the aluminum
particle to form an oxide (Al2O3 ) condensationsurface,and another
fraction forms some micron-sized smoke. However, some gaseous
combustion products also exist in this process (Fig. 1). Note that
initially the aluminum particles are covered by an oxide coating,
which induces an ignition delay (this phenomenon is not included
in the various models described below).

The phenomenology and modeling of the combustion are still
being investigated,as presented in Refs. 9–11. Many of the complex
phenomenathat occur are not well understood(e.g., hollow spheres,
spin, surface jets, and explosion). Also, the combustion seems to
be very dependent on the experimental environment, ambient gas
and oxidizer species, ignition method. In addition, the enveloping
� ame (with smoke) considerably hinders the investigation of the
time-dependentparticlebehavior,requiringsophisticateddiagnostic
methods. The high-temperature � ame (¼ 3800 K) acts as a shield
and prevents a good thermal analysis of the particle surface.

Two classes of models exist today. One is based on a correlation
giving a Dn (n =[1.5; 2]) law for the time evolution of the parti-
cle diameter.3 A second approach is based on the analytical Law’s
model.5

The � rst model—Hermsen’s—only provides the mass � ow rate
of gaseousaluminumat the particle surface.A classical law is given
by the following relation:

dmAl

dt
= ¡

p

2
q Al

k

n
D3 ¡ n (1)

with k =8.3314 £ 10 ¡ 5 P0.27
m (100

P
X i )0.9, (cm1.8/s). In this ex-

pression, Pm (psia) is the average pressure in the combustion cham-
ber and X i is the mole fraction of the oxidizer species. It must be
emphasized that the oxidizer species are not speci� cally identi� ed.
Generally, CO2, H2O, and O2 are considered. The 0.9 value of the
exponent is imposed to � t the data with the observed combustion
time. It is related to the notion of the ef� ciency of the aluminum
combustion.One may � rst remark that this model does not provide
any informationabout the condensedaluminaat the surfaceparticle,
or the thermodynamic data. So, the fraction of condensed alumina
must be imposed a priori. Note that this fraction can be divided into
two parts: the � rst is supposed to form the characteristic spherical
cap at the particle surface; the second part, formed by the alumina
smoke, is included in the gas phase. This last point is justi� ed be-
cause the thermal and dynamic states between the smoke and the
gas are reached due to the small size of the smoke particles.

In the second model,5 the mass and energy steady balance equa-
tions for a burning aluminum particle are solved by specifying the
main quantities at the boundaries of the system, i.e., the particle
surface and the � ame. Most of the phenomena described earlier
i.e., � ame position, condensation surface, trapped condensed ox-
ide at the � ame, can be taken into account. This model has been
improved over the years without really being questioned. The im-
provements concern the spherical cap on the particle and the vari-
ables’ thermodynamic properties.6,11 The solution of this analyt-
ical model leads to the value of the evaporated aluminum mass
� ow rate, namely, MAl and the different mass fractions involved
in the phenomenon. The total amount of combustion products,
which are labeled as the Al2O3(g) species, then is given by the re-
lation ÇMPC = (1 + t ) ÇMAl. In accordance with the phenomenology
describedby the scheme in Fig. 1, the vaporizedpart of the combus-
tion products is equal to ÇMPC,VAP = h ÇMPC from which the retrodif-
fused part is then ÇMPC,VAP,RD = g ÇMPC,VAP = h g ÇMPC. Obviously, the
smoke part is ÇMSM = (1 ¡ h ) ÇMPC. The coef� cient v is the mass sto-
chiometric coef� cient of the elemental combustion reaction (2):

2Al(g) + 3
2 O2(g) ! Al2O3(g) (2)

with v = 3
4

£ ( 32
27 ). Law’s model allows the calculation of all frac-

tions involved in the process. For more details about the solution,
the reader is referred to Refs. 5, 6, 10, and 11. In the numerical
model the boundary data are the gaseous temperature and the oxi-
dizer mass fraction YOX at in� nity, and the solution is ÇMAl, g , and
h . A coef� cient is used to model the ef� ciency of the combustion.11

The in� uence of this value is signi� cant and is examined later.
Brie� y, the drawbacksand advantagesof each approach are sum-

marized. The Hermsen model is based on a correlation from ex-
perimental data, giving the time evolution of the particle mass. The
model can account for the combustion-chamber pressure and the
ef� ciency of the oxidizer, but the model does not allow one to de-
termine the alumina mass either on the particle or going into the
gas phase as smoke. These two parameters must be imposed when
numerical simulations are performed1,2 what is done by successive
attempts.

In contrast,Law’s modelcanpredictthesedifferentmass fractions
and therefore this model can be considered to be a self-governing
one. Note that it also leads to a Dn law of the diameter evolution
in time, but when the combustion is completed, the diameter of the
particle is not zero but equal to the alumina residual size. However,
that model has the disadvantage of not taking into account the in-
� uence of the pressure except throughphysical-propertyvariations,
even though such an effect was pointed out earlier by Davis.12 This
model is also more CPU-time intensivebut it is assumed to be more
complete and easier to modify, and so, it is preferred in these sim-
ulations. However, the two models are compared in the simulation
of a lab-scale motor � ow� eldship).

Note that the Law model is still in use today to simulate the
behavior of a single droplet. Widener and Beckstead13 used the
Brook’s model, with modi� cationsregarding the combustionmode,
to compute the combustion in a propellant atmosphere. However,
these models have the same roots. Another tendency appears in
the use of the direct simulation of the combustion of a single alu-
minum particle.14 The general � ow equations (mass, momentum,
and energy) plus a chemical mechanism are solved to obtain tran-
sient solution around one droplet in air. A new point in the model
is a surface reaction involving Al(g) , AlO(g) and Al2O(g) , but the
question remains about how such accurate information (i.e., sur-
face reaction) could be incorporated in general computational � uid
dynamics codes.

Governing Equations
Let Cm be the aluminum-loading mass ratio in the propellant,

Mp = Cm Mprop , it can be shown that the particle volume fraction in
the gaseous mixture is

a p =
q g

q ¤

Cm

1 ¡ Cm
= j

q g

q ¤
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Generally, Cm does not exceed 1
3
, which leads to a p ¼ 10 ¡ 4 . If the

mean particle spacing in a homogeneous mixture is assumed to be
given by D / a 1/ 3

p , then l p / L ¤ ¿ 1; thus the two-phase � ow is a di-
lute one in the con� gurations studied.15 In the governing equations
of the dispersed phase, the pressure term can be neglected: Infor-
mation travels in the � ow only via particle trajectories. About the
gaseousvolume fraction, the followingassumptionalsocanbe used:
a (g) = 1 ¡ a p ¼ 1. Then the couplingbetween the gas phase and the
dispersedphase is only due to interphasetransfer terms such as drag,
mass, and heat transfer.

In the gas phase, dissipative effects are neglected compared to
the previous two-phase terms. However, the viscosity terms should
not be negligible near the walls. In the combustion chamber, this
zone corresponds to the neighborhood of the surface propellant,
where the two-phase exchange terms are dominant becauseof large
nonequilibriumconditions. In the diverging part of the nozzle, the
Euler descriptionof the gas � ow cannot track the viscous boundary
layer, but this topic is excluded from the current investigations.

Then, for this phase the governing equations are

@q gUg

@t
+ r ¢ ( q gUgUg + P I ) = Fg ¡ p + C m Up (3)

@q g e g

@t
+ r ¢ (Ug[q g e g + P]) = Fg ¡ p ¢ Up + C ener + Qq ¡ p (4)

@q g,i

@t
+ r ¢ q g,i Ug = Çx i (5)

with
P

q g,i = q g and P = q g RTg

Based on the assumptions made, the dispersed-phase equations
are15,16

@q pUp

@t
+ r ¢ q pUpUp = ¡ Fg ¡ p ¡ C mUp (6)

@N

@t
+ r ¢ N Up = 0 (7)

@q p e p

@t
+ r ¢ q pUp e p = ¡ Qg ¡ p ¡ C p,ener (8)

@q p ,i

@t
+ r ¢ q p,i Up = Çx p,i (9)

with q p, i = q Al or q Al2O3 .

Species De� nition

The two lastparticularspeciesequationsexpressthe simultaneous
presence of alumina and aluminum in the particle phase, whereas
Eq. (7) concerns the global conservationof the number density be-
cause the breakup or coalescence phenomena are omitted. It is as-
sumed that the particles formed at the � ame around the aluminum
particle are included in the gaseous phase due their small size. The
diameter is also small enough to allow for thermal and dynamic
equilibrium.

It is important to identify the differentspeciesmaking up the pro-
pellant combustion gas. The total amount of species could be quite
large and it is not realistic in an unsteady code to follow the be-
havior of each individual gaseous species and the dispersed phase,
and take into account the reactive aspects as well. Moreover, many
of the chemical reactions are unknown, and the correspondingpro-
duction terms cannot be expressed. The propellant gas phase then
is assumed to be made up only of three major species: Inert I , oxi-
dizer OX, and the combustion products PC. Typically, the oxidizer
components are a mixture of CO2, H2O, and O2 mixture. To obtain
the inert mixture, one compares the compositionof a gas propellant
with and without aluminum. The third species is formed by all of
the others, given by an equilibrium calculation. The Al2O3 smoke
is included in the last one. The thermodynamic properties now can
be obtained from the JANNAF tables (and here they are assumed

to be constant). The smoke is inserted in the PC species through a
modi� cation of the Cp and the molar weight. That is, let

K =
q smoke

q PC,G
,

Then,

RPC =
RPC,g

1 + K
, C pPC =

(Cp )PC,g + K C p, smoke

1 + K
(10)

Mass Production Terms

The mass production rates Çx p,i are obtained from Eq. (1) if the
Hermsen model is used or from Law’s model. With the latter, the
input data are only the mass fraction of the oxidizer species and
the ambiant gas temperature. This model was modi� ed to take into
account the oxide cap on the particle, which decreases the combus-
tion rate. The production/destruction terms for the gaseous species
are obtained directly by assuming a stochiometric reaction between
aluminum and oxidizer species10,11,17 (no chemical kinetic mecha-
nism is involved here). Then, the terms Çx PC and Çx OX are computed
directly from Çx p,Al, m , h and g values .

Because the OX is a mixture of elemental components, it
is convenient to introduce an oxidation ef� ciency in the form
YOX, 1 = E ¢ YOX. For example, the simplestway is to count the num-
ber of O2 moles that each of the components(CO2, H2O, O2 . . .) can
produce. As indicated by Brooks and Beckstead,11 this calculation
can be improved by taking into account the diffusivity and the heat
of formation. The constants Ei are adjusted to obtain a good com-
bustion time for an O2 –H2O–CO2 mixture. In Marion’s work,10 a
similarcalculationis provided,includinga temperatureand pressure
dependence for these coef� cients. Some typical values are given in
Table 1. Thus, the effective oxidizer mass fraction needed in the
combustion model is calculated by the relation

YOX, 1 =
X

Ei Yi (11)

Source Terms of the Energy Equation

A dif� culty in the modeling occurs when de� ning the energy of
the mixture. For heterogeneouscombustion, involving gas and par-
ticles, there are two successivephase changes: the aluminum vapor-
izationand thealuminacondensation.As shown next, the magnitude
of the condensationenergy is the same order as the heat of combus-
tion. If the total energy is constant because the gas–particle system
is isolated, two distinct conservation energy equations are needed
because the temperature of the gaseous phase is different than that
of the dispersed phase. So, in contrast to a gaseous combustion, the
heat released by the chemical reactions appears as a source term on
the right-hand side of the equations.

For the dispersed phase the reference energy is chosen on the
liquidus of the aluminum and of the alumina, which means that the
aluminum particles entering the � ow are at the saturation tempera-
ture:

e p = Yp ,Al e p,Al + Yp ,Al2O3 e p,Al2O3 (12)

with Yp,i = q p,i / ( q p,Al + q p,Al2O3 ), the mass fraction of i th species
of the dispersed phase. It is assumed that the energy required to
maintain the aluminum at the liquid state and to vaporize it is pro-
vided by the radiative transfer with the � ame envelope. The energy
equationof the dispersedphase does not pose any problem when all
of the thermodynamicquantitiesare constant,such as Tsat. However,

Table 1 Ef� ciency of oxidizing species

Ef� ciency

Reference O2 H2O CO2 T / , K

10 1 0.67 0.174 4000
11 1 0.533 0.135 2500
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when pressure variation is taken into account, the thermodynamic
variablesare not well known (i.e., Tsat, Lvap) and it is nearly impossi-
ble to obtainthe correcttemperaturesaturationby solvingthe energy
equation. In this case, the energy equation is reduced to Tsat(P), but
Eq. (8) must be used when the combustion process stops.

Gas-Phase Energy-Balance Equation

The fuel is not a component of the gas phase (aluminum vapor),
and then it is not possible to include this component in the en-
ergy equation.The heat releasedby the aluminum combustionmust
appear as a source term. Ignoring the kinetic energy and the heat
transfer with particle surface, and if the gas is a closed system, we
should have

Dt q geg = 0 with eg =
X

Yi e
0
i +

Z
Cvi dT

or

Dt q geg = Dt q g

X
Yi

Z
Cvi dT + Dt q g

X
Yi e

0
i = 0 (13)

let

Dt q g

X
Yi

Z
Cvi dT = ¡ Dt q g

X
Yi e

0
i (14)

Because the gaseous aluminum does not appear in the sum term
on the right-hand side of Eq. (14), the heat of reaction cannot be
de� ned. Besides, the real chemical reaction is not speci� ed and a
part of the combustion products are in a condensed form (smoke),
and so, it is rather dif� cult to make this term appear in the equation.
The energy equation then is written as

Dt q g e g = Dt q g

X
Yi

Z
Cvi dT = C g ,ener (15)

C g,ener is determined hereafter.
The aluminum combustion reaction can be assumed to have the

following chemical mechanism:

2Al + 3O2 ! Al2O3(g) + Q1 (16)

Al2O3(g) ! Al2O3(liq) + Q2 (17)

Many equivalent formulations can be found for the energy source
term. The choice is reported on the available data. In this paper,
this term is calculated by examining the total amount of energy per
unit time, added to or substracted from the gas phase, by the mass
transfer of each pseudospecies.For example, the term ÇMOXeOX(TS)
is lost by the gas phase but ÇMSMeSM(TS) and ÇMPC,VAPePC,VAP(TS)
are accounted as a gain. If we use the relation between the different
mass � ow rates and the de� nitions

Q1 = ÇMAlq1 = ÇMAleAl(TS) + ÇMOXeOX(TS) + ÇMPCePC(TS) (18)

the heat released by the combustion reaction per unit time, the
classical de� nition of the heat of phase change Lvap = ei,g (TS) ¡
ei, liq(TS), then we � nd the total amount of the energy supplied in the
gas phase:

C g,ener = ¡ ÇMOXeOX(TS) + ÇMSMeSM(TS) + ÇMPC,VAPePC,VAP(TS)
(19)

or

C g ,ener = ÇMAl([Lvap(Al) + q1](1 ¡ g )h ¡ veOX(TS) + (1 ¡ h )q2)
(20)

The different heats of reactions (16) and (17) are computed from
chemical equilibrium calculations in which several species are in-
cluded(Al, AlO, Al2O, AlO2 . . .) (Refs. 10 and 18). To obtainq1 one
has to consider a pseudoequilibrium,because Al2O3(g) is a � ctitious
species. Law wrote this equilibrium as follows:

Al2O3(g) $ 2AlO + 0.5O2 (21)

Computing the heat of reaction at the aluminum saturation tem-
perature leads to a value of q1 equal to 2.104 kcal/g Al. The cal-
culation of a Al2O3 dissociation proposed by Glassman,19 which
includes more realistic species, such as AlO, Al2O, Al2O2, leads to
q1 =0.68 kcal/g Al. The difference observed can be explained by
the different species appearing in the equilibrium reactions, but the
difference is noticeable. Typical values for q2 are 7.31 kcal/g Al or
8.22 kcal/g Al (Refs. 5, 19, and 17).

Expressions for Mass, Heat, and Drag Force

In addition to the energy transfer due to the mass transfer, con-
vective heat exchange and a drag force exist between the gas phase
and the dispersed phase. To take into account the in� uence of rel-
ative velocity on the mass transfer, this term is multiplied by the
Sherwood number (Sh) as indicated by the following correlation:

x p,i = $p ,Al Sh with Sh = 2 +
0.555Re

1
2 Sc

1
3

£
1 + 1.232/

¡
ReSc

4
3

¢¤ 1
2

(22)

The latter is a correlationprovidedby Faeth20 that is valid for a large
range of Reynolds numbers. This Sherwood number is based on the
local relative velocity and the particle diameter. The Lewis number
is assumed equal to unity, so that the Schmidt number is equal to
the Prandtl number. Then, the same correlation as Eq. (22) is used
to compute the Nusselt number, and so, the convectiveheat transfer
around an isolated particle is

Qg ¡ p = N p DNu k g(Tp ¡ Tg )

The drag force is given by a classical relation21:

Fg ¡ p = (Cd /8) p D2 q g k Up ¡ Ug k (Up ¡ Ug)

with

Cd = (24/ Re)(1 + Re0.66 /6) if Re Á 103

Cd = 0.424 if Re ¸ 103
(23)

Numerical Procedure
Methods that are second-order accurate in space and time are

requiredto solve the set of partialdifferentialequations.The method
must be explicit to obtain physical transient solutions.A restriction
on the time step exists, which is given by the classical Courant–
Friedrichs–Lewy criterion. This time step has proven to be small
enough compared to the dispersed-phasecharacteristic time.

A numerical method used for the study of inert two-phase � ows4

has been developed to take into account the reactive features. This
method was based on the well-known MacCormack scheme, which
is very ef� cient for such � ows.22 It has the drawback of requiring
some arti� cial viscosity to avoid spurious oscillations due to its
second-ordernature. These terms are quite complex—second- and
fourth-order—and involvenumerouscoef� cientsdeterminedby nu-
merical experiences.23,24 A � nite volume method, based on a total
variation diminishing (TVD) scheme is then developed, because it
seems more general. The scheme is based on the MUSCL–Hancok
methodology,25 which is presentedlater brie� y. The system of equa-
tions is written under a conservative form:

@U

@t
+ r ¢ F(U ) = H (24)

The � nite volume method is applied to the homogeneous part of
the system; that is,

@U

@t
+ r ¢ F(U ) = 0

The numerical approach requires three successive steps. First, the
conservativevariablesare extrapolatedfrom the center to the bound-
ary of the cell. A piecewise linear variation is assumed; then, the
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slope of the conservative variables is calculated. On a given inter-
face k, two values of the conservative variables are obtained: U k , L

i

and U k, R
i the values at the left and at the right, respectively, of the

cell boundary.
The second step consists in computing the evolution over an half

time step of the variables inside a control volume:

Ũi = Ui ¡
D t / 2
X i

X

k = 1, Nface

£
F (U )k ,L

i

¤
lk ¢ nk (25)

With thesenew data, the � uxes are obtainedby the meansof an exact
Riemann solver for both phases.The solution is Ũk = f (Ũk ,L , U k , R )
and then the � nite volume formula is applied:

Ū n + 1
i = U n

i ¡
D t

X i

X

k = 1, Nface

F(Ũk )lk ¢ nk (26)

During the � rst step, a limitation of the slopes is performed to
ensure a TVD property of the method. Classical slope limiters are
included in the method and Van Leer’s is the one used in this paper.
Note that the algorithm is used for both phases; only the Riemann
solver differs according to the phase considered.

An additional step is necessary to obtain the solution at the next-
level time, U n + 1, which consists of integrating the source terms by
the means of an ordinary differential equation solver:

U n + 1 = L s(Ū
n + 1)

with

L s(U ) ´
dU

dt
= H

The Ls operator may be the second- or fourth-order Runge–Kutta
method.

Boundary Conditions

The numerical boundary-condition treatment is achieved with
classical methods. Three boundary conditions may be encountered
in such problems: wall, out� ow, and injection (Fig. 2). Because of
its inviscid nature, a slip condition is used for the gas phase as well
as for the dispersed phase.23,26 The out� ow being a supersonicone,
a � rst-order extrapolation can be utilized. This procedure is used
again for the dispersed phase. On the propellant surface, all of the
particle quantities are imposed: diameter, temperature, and mass
� ow rate. An ambiguity remains for the particle injection velocity,
which will be the topic of a parametric study. Here, the gas mass
� ow rate and temperature are � xed. An isentropic relation is used
to link these two injection parameters with the internal � ow (due to
the subsonic regime).

Predicted Results
The aim of this work was to examine the performance of the nu-

merical model as well as to study the effect of several basic param-
eters of the current � ow. So, simulations of a lab-scale-motor � ow-
� eld, de� ned in Ref. 27, were performed.This small motor consists
of a simple combustionchamber and a convergingdiverging nozzle
(Fig. 2). It was already used for the simulations of one-phase27 and
two-phase inert � ows24 to study � ow stability. The computational
domain associatedwith this smallmotor allows quickcomputations.
Three meshes are de� ned; a coarse one (98 £ 15), an intermediate

Fig. 2 Mesh for scale lab motor with the different boundary conditions (total length = 1 m, combustion chamber length = 0.66 m, maximum
radius = 0.16 m, 98 £ 15 coarse mesh is displayed).

one (98 £ 30) and a re� ned one (131 £ 27). The CPU time required
is then quite reasonablefor a parametric study.Even thoughthe mo-
tor is a cylindrical one, the calculations are for a planar geometry.
Axisymmetric calculations would lead to little additional informa-
tion about the basic parameters of the two-phase reactive � ow and
would increase the computational time.

A brief comparison between the Law and the Hermsen models is
� rst presented to show that they provide similar results. Then, Law
model is used even though many quantities related to aluminum
combustion are not well known. As mentioned previously, the heat
of reaction q1 may differ according to the calculation method, and
the aluminum heat of vaporization is known for only several pres-
sure. Thus, a parametrical study cannot be exhaustive. Necessary
data for the computation were � xed to typical values commonly
used. Some of them are reported in Table 2. These values were
proposed by Law or reported in Refs. 5, 6, and 17. The oxidizer
species is a CO2–H2O mixture with the mass fractions, respec-
tively, YCO2 = 0.3666 and YH2O =0.644 (oxygen appears in negligi-
ble quantity). The combustionef� ciency E is calculatedby the rela-
tion E = ECO2 YCO2 + EH2OYH2O, with data extracted from Table 1.
In the case of no particular speci� cation, E is assumed to be a con-
stant equal to unity.

The parametric study can be performed after a mesh re� nement
analysis is carried out for a particular case. The effects of the in-
jection velocity, which remains an unknown, the in� uence of the
initial particle diameter, and the combustionef� ciency parameter E
are examined. As mentioned, all of the thermodynamic quantities
were unvaried. The major in� uences were studied on simple but
quite relevant cases.11,17 It is clear that the data imposed are still
questionable, but the aim of the paper is not a stricto sensu predic-
tion of an SRM � ow� eld, but, instead, is to establish solutions to a
numerical model with reasonable assumptions.

General Case

In the case of the two-phase calculation,a total mass � ow rate is
imposed as well as the loading mass ratio of aluminum. The total
mass � ow rate is ÇMt = (1 ¡ Cm) ÇMg + Cm

ÇMp . The value of ÇMt is
equal to 16 kg ¢ m ¡ 2 ¢ s ¡ 1 and Cm =18%, a typical value in SRMs.23

As shown in Fig. 2, the gaseous and dispersed phases are in-
jected through a surface that bounds the combustion chamber. The
� rst calculationis for 30-l m aluminum particles, which burn in the
� ow. The combustion process is modeled with both the Law and
Hermsen models. In the latter, the g and h fractions de� ned ear-
lier must be imposed. Sabnis and colleagues1 analyzed the data of
Salita’s experiments and concluded that 20% of the alumina pro-
duced is found on the particle spherical cap. The remaining 80%
is assumed to be included in the gas as smoke. A calculation using
these proportionsleads to a maximum temperatureof about6300 K,
which is not realistic. Some gaseous combustion products actually
are admitted in the combustion description and this decreases the
amount of smoke. A fraction of the gaseous combustion products
equal to 20% leads to results in accordance with thermochemical
calculations. The difference observed is due to the high value of
the alumina heat of condensation q2 . That shows that use of the
Hermsen model requires several iterations.

Table 2 Typical thermochemical data

Q1 Q2 Lvap Unit

2.10 7.31 2.58 kcal/g Al
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In Fig. 3, the evolution of the ratio ÇMt ,exit / ÇMt , injected is plotted
ralative to time. It was established that when the steady state is
reached, the global mass balance is satis� ed, whichever model is
used. This test is an important one because the equations and the
combustion phenomena are quite nonlinear. It is also a good way to
check the validity of the numerical algorithm.

In Fig. 4, the particle diameter contours obtained with the
Hermsen model are displayed. The end of combustion is observed
at about half of the motor radius. Note that the residual alumina size
is not negligible:The aluminumparticlesturn into alumina particles
that become inert.At the nozzle exit the averagediameter is equal to
19.3 l m. In the divergingpart of the nozzle, a classicalparticle-free
zone is observed.

In the following, the Law model is used in every computation.
The in� uence of a grid re� nement is � rst analyzed on the results.
Three different meshes were utilized: a coarse one (98 £ 15), an
intermediate one (98 £ 30) and a � ne one (131 £ 50). The different
grids represent the same motor: The total length is 1 m, the combus-
tion chamber length is 0.66 m, and its radius is 0.16 m. Whatever
the grid, the mass conservation was attained at steady state. This
criterion is not sensitive enough to establish the possible in� uence
of the grid re� nement. Some other, more characteristic, variables
are the studied:

1) The combustion thickness d is de� ned as

d =
Hcomb

Rmax

Hcomb is the distance from the propellant surface where the com-
bustion occurs and Rmax is the combustion chamber radius. When
the particles burn, in the present model, the dispersed-phase tem-
perature is the aluminum saturation temperature and combustion is
assumed to be over when a particle temperature change is detected.

2) The combustion time s c is computed from the steady-state
results: An average Lagrangian trajectory of a pseudoparticle is
computed from the propellant through the exit nozzle. This post-
treatmentalso allows computationof the averagediameterevolution
over time.

Fig. 3 ÇMt;exit / ÇMt;injected vs time (——, unsteady evolution from two-
dimensional computation; – – – , theoretical steady-state value).

Fig. 4 Distribution of particle, diameter contours at steady state, using Hermsen’s model (injected particles’ diameter = 30 µ m, average diameter at
exit nozzle = 19.3 µm).

3) The averagetemperatureand pressurein the combustioncham-
ber also were calculated. The averaging procedure is quite simple
and is achieved on the discrete values from the surface propellant
to the axis indices ( j = 1¢ ¢ ¢ NY ) and along the surface propellant
(i =1¢ ¢ ¢ Ninjection ).

For these comparisons the typical thermodynamic values were
used. The dispersed injection velocity was set equal to the local gas
injection velocity.

In� uence of Grid Re� nement

A grid in� uence is apparent between the different meshes, more
speci� cally in the diverging part of the nozzle where a classical
particle-free zone is observed. In the combustion chamber, the dif-
ferences are quite small and remain acceptable. Nevertheless, the
coarse mesh was rejected and the simulations were performed with
the intermediateone. The differencesobserved with the � ne one are
negligible and they do not justify the increase in CPU time.

In� uence of the Particle Injection Velocity

At this point, the injection velocity of the particles from the pro-
pellant surface is equal to the gas-phase one. This quantity is very
important because it will determine the number density of particles
entering the � ow. Indeed the speci� c dispersed mass � ow rate is
given by the relation

ÇMp = n4/ 3p R3
pUp, inj q

¤
Al

Because of the parabolic nature of the system of equations of the
dispersed phase, the value of each quantity must be imposed at the
propellant surface. The particle radius Rp is � xed easily, requiring
a choice between the number density and the velocity. The velocity
appears to be a more natural parameter to impose. It is not an easy
task to specify a valuebut it is reasonableto assume that the velocity
is in the range of the propellantburning rate, ¼ 10 ¡ 2 m/s and the gas
velocity. In Ref. 12, the speci� ed velocity is imposed to be 1% of
the gas velocity. The values chosen in this study are, 1, 10, 25, 35,
50, 65, 75, and 100%, and the particle diameter is 30 l m.

For inertparticles,it was shownthatthe injectionvelocitydoesnot
in� uence the � ow� eld.4 The most affected quantity is the combus-
tion thickness d . As the injectionvelocity increases,the thicknessof
the combustion zone increases.Because of a higher initial impulse,
the combustion of a particle occurs along a longer path than with
a low injection velocity (see Table 3). This phenomenon leads to a
modi� cation of the gas temperature distribution in the combustion
chamber, as shown in Fig. 5, and thus a changing of the average
gas temperature in the combustion chamber. In Fig. 6, the average

Table 3 In� uence of dispersed-phase
injection velocity

u p /ug , % s c , ms d

1 2.84 0.60
10 2.83 0.59
25 2.84 0.61
35 2.83 0.65
50 2.80 0.65
65 2.80 0.68
75 2.79 0.72
100 2.73 0.73
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a) Particle injection velocity is 1% of gas injection velocity

b) Particle injection velocity is 100% of gas injection velocity

Fig. 5 Distribution of gas temperature at steady state (30-µm particles).

Fig. 6 Average gas temperature at steady state in the combustion
chamber vs injection velocity ratio (30-µ m particles).

gas temperature is plotted relative to the ratio of injectionvelocities,
and a linear variation is observed. Even though this in� uence is not
negligible, it not as important as suggested by Fig. 6. Indeed, for
an injection velocity multiplied by 100 (1–100%), the � nal average
temperature is only multiplied by 0.93.

There is no signi� cant in� uence on the pressure, but these values
are not reported.

From Table 3, note that there is also no in� uence on the com-
bustion time. The observed differences are not signi� cant and may
be due to a particle trajectory calculation that is not suf� ciently
accurate.

It is clear that the particle injection velocity, which is quite dif-
� cult to determine, has a nonnegligible in� uence. Even though the
most important parameters (pressure, combustion time, and aver-
age temperature) are not really modi� ed, the combustion thickness
depends on this ratio. Also, d is an important parameter because, to
perform correct acoustic analysis, the temperaturemust be constant
to determine a referencespeed of sound. That only occurs above the
combustion zone.

In� uence of Particle Diameter

The in� uence of the initial particle diameter also was studied.
In this case, the gas temperature � eld obviously will be modi� ed.
The burning rate implies that the smallest particles burn close to the
propellantsurfacewhereasthe largestburnfor a longertime, causing
a broadeningof the combustion.Four diameterswere chosen: 5, 15,
30, and 40 l m. The injection velocity was set equal to 25% of the
gas velocity. In Table 4, the combustion time and the average gas
temperatureare reported,except for the 40-l m size particles,which
burn out near the exit cross section.

In Fig. 7, the dimensionless gas temperature T / Tg , inj is plotted
for each diameter studied. This graph is related to an abscissa at

Fig. 7 Dimensionless gas temperature (Tg /Tg;inj ) pro� les at steady
state (cross section at the midpoint of the propellant surface; injected
particle diameter = 5, 15, and 30 µ m).

the midpoint of the combustion chamber and for the steady state.
As expected, small particles (5 l m) burn near the surface of the
propellant. Actually, 5-l m particles burn as soon as they enter the
motor: an increase of temperature is observed until the equilibrium
temperature is reached.An oscillationis observedbut it may be due
to a numerical behavior rather than a physical one. The source term
due to the heat released is very high and may lead to some numeri-
cal oscillations;additionalnumerical experiments could clarify this
point.

Note also that the different pro� les give quite similar results,
considering the temperature reached after combustion. The dif-
ference observed between the steady-state values is less than 3%
( ¼ 100 K): The mass of aluminum injected is the same and thus
also is the chemical heat released in the gas. The differencemay be
due to the convective heat transfer between the gas and inert alu-
mina particles. For 40-l m particles, the analysis is quite different
because the combustionis complete only in the divergingpart of the
nozzle.

The time evolutionof the 30-l m-diam particleswas analyzed.At
steady state, the trajectory of pseudoparticles injected from half of
the propellant surface was computed and the diameter was plotted
relative to time (along a particlepath). Analytical Dn laws also were
computedusing Dn = Dn

0 ¡ kt , and it was assumedthat when t = s c ,
the diameter was the residual size of the alumina particle Dres (this
value was determined from the numerical results). Then k obeys the
relation

k =
Dn

res ¡ Dn
0

s c
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Table 4 In� uence of particle initial diameter

Dp, inj , l m s c , ms T̄ , K

5 0.1 3503
15 0.82 3433
30 2.841 3234
40 * *

Fig. 8 Evolution of the diameter vs combustion times of a particle
injected from the half of the propellant surface (two-dimensionalresults
and analytical D1:7 law vs time).

By calculating the global error between the analytical law and
the two-dimensional results, n =1.7 appears to be the best value,
although, according to Brooks and Beckstead,11 a D2 law seems to
hold. The combustion time is too short to magnify the differences
between the curves. In Fig. 8, the time evolution of the diameter
along a particle trajectory is compared to the D1.7 � t.

When the combustion is over, the size of the particle remains
constant in the two-dimensional computation whereas, when the
results are � tted with a Dn law, the size varies.

In� uence of Oxidation Ef� ciency Parameter E

The chemical mechanism of the aluminum combustion, Eq. (2),
only involves O2 as oxidizer species although it appears in low pro-
portions in the combustion products.Therefore,O2 may come from
dissociatedspecies, such as CO2, or from H2O, and so, an ef� ciency
parameter is de� ned to take into account the effective presence of
oxygen (see Governing Equations). An exhaustive study was not
performed; only the in� uence of the parameter E was assessed.
Two values, based on ECO2 and EH2O from Table 1, are used. With
the correspondingmass fraction, it leads to the followingnumerical
values: EBeckstead = 0.389, EMarion = 0.493 (Table 1). For the lower
value, thecalculationsdivergedandno resultswereobtained,and so,
an arbitrary value of 0.75 also was tested. Then, some comparisons
with previous results with E =1 also could be made.

Some 30-l m particleswere injected in the � ow. As the ef� ciency
diminished, the combustion time increased, not a surprising result.
Therefore, for low value of E , the combustion process is not com-
pleted at the exit cross section. The only result that was analyzed
was for E = 0.75 (see Table 5).

The combustion s c increases but not in the same ratio as the ef� -
ciency E . Whereas E is multiplied by 0.75, s c is multipliedby 1.16.
Two remarks can be made about the results, which are not intuitive.
When the ef� ciency is reduced, the average gas temperature is in-
creases slightly and the residual size of the alumina at the nozzle
exit (Dexit ) decreases. The physical interpretation is not clear be-
cause the in� uence of E is very nonlinear. However this parameter
may help in tuning the model to � t some experimental data.

Table 5 In� uence of combustion ef� ciency

E( ¡ ) s c , ms T̄ , K Dexit , l m

1 2.841 3234 21.1
0.75 3.3 3253 20.5

Concluding Remarks

Although this parametric study is not exhaustive, several trends
are evident. The injection velocity of the particles has a limited
in� uence on the average quantities of the gas as well as the parti-
cle combustion time. However, the distribute combustion zone (its
thickness) is very dependent on this parameter. Thus, this particu-
lar velocity should be measured carefully. The initial diameter of
the particles entering the � ow also has a part in the distribute com-
bustion, but, here again, the mean average gas quantities are little
affected by the variation of this parameter: The total mass of alu-
minum entering the � ow, and thus the potential chemical energy,
is the same whatever the value of the diameter or the injection ve-
locity. The combustion ef� ciency results are less general than the
two previous ones because they are linked to one speci� c model,
the Law model.

Conclusions
Modeling two-phase reactive � ows, including the combustion of

aluminum particles in an SRM environment, requires an ef� cient
numerical algorithm.

An analysis of two existing combustion models is presented. It is
clear that both models, Hermsen and Law, do not take into account
some of the real phenomena occurring.Nevertheless, incorporating
such models in numerical algorithms for two-phase unsteady com-
pressible � ows leads to solutions that are generally correct when
compared with chemical equilibrium calculations.

A reduced model for the gas-phase composition is used because
it is not realistic to compute the transportof each gaseousspecies, in
addition to the burningparticles.This is based on the analysisof the
chemical equilibrium composition of propellant with and without
aluminum.

An Eulerian approach for the dispersed phase is used. This ap-
proach seems more appropriatefor computationsof unsteady� ows.
Althougha Lagrangianmethod can provide similar results, these re-
quire much memory and CPU capacity to compute unsteady large-
scaleSRM environmentsmotor. Basically,Eulerianapproachis pre-
ferredhere becausesuch methodsoffer a more ef� cientway to carry
out numerous parametric studies, which are still needed.

The model works well enough to help in the understanding of
parameters that are not well known. The basic description of the
combustion is preserved, including the consumptionof oxidizerand
the gain of products as well as the global mass conservation. Ac-
cording to the numerical results, the gas temperature distribution is
very different from a one-phase � ow calculation; i.e., the highest
temperature is not reached at the propellant surface but at a non-
negligible distance from it because of the time required to burn
aluminum particles entering the � ow. It also is pointed out that the
distributecombustion(vs surface combustion) is dependenton two-
phaseparameterssuch as the initial particle velocity and the particle
diameter.These quantitiesgenerallyare not well measured, but they
are required as known input in order to perform more complex nu-
merical experiments.
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